Abstract. In this paper, nonlocal in time problem for abstract evolution equation of second order is studied and theorem on existence and uniqueness of its solution is proved. Some applications of this theorem for hyperbolic partial differential equations and systems are considered and it is proved, that well-posedness of the mentioned problems depends on algebraic properties of ratios between the dimensions of the spatial boundary and the times appearing in the nonlocal in time initial conditions.
Introduction
Nonlocal in time problems are non-classical initial boundary value problems, where instead of classical initial conditions we have a combination of the initial value of the solution and values of the solution for later times. These problems are generalizations of periodical problem, which is a particular case of problem of controllability by the initial conditions, where we seek for such initial conditions that state of the dynamical system at a certain moment of time coincides with its initial state.
Nonlocal in time problems were formulated and studied in [4] for parabolic equations. Later in [5] [6] [7] problems of this type were investigated for some equations of mathematical physics. In the present paper we study nonlocal in time problem for abstract evolution equation of second order and generalize results obtained before for hyperbolic equations in [6, 7] . We investigate dependence of well-posedness of nonlocal in time problems on algebraic properties of expressions, which contain given moments of time and dimensions of the spatial boundary.
The outline of the paper is the following. In Section 2 the variational formulation of nonlocal in time problem for abstract evolution equation of second order is given and theorem on existence and uniqueness of its solution is proved. In Section 3 we consider some applications of the general theorem formulated in Section 2 for hyperbolic partial differential equations and systems. We show that for some nonlocal in time problems for hyperbolic equations in case of a parallelepiped as spatial domain, the existence and uniqueness of a solution depend on algebraic properties of ratios of the moments of time and lengths of the sides of the parallelepiped.
An abstract nonlocal in time problem
Let V ⊂ H be separable Hilbert spaces such that the injection V → H is continuous and V is dense in H. Denote with (., .) scalar product in H. Assume that H is identified with its dual space by scalar product in H, then it is possible to construct continuous and dense injection of H in V (V is a dual space of V ) ( [2] ). Therefore we obtain V → H → V with continuous and dense injections. Let L(X; Y ) denotes the space of linear continuous operators from X to Y (X, Y are Banach spaces). L p (0, T ; X) denotes the space of measurable functions g : (0, T ) → X equipped with the norm integral it follows that function g ∈ L p (0, T ; X) can be identified with distribution in (0, T ) with values in X ( [9] ), and denote with
the derivative of g in the sense of distributions (D(0, T ) stands for the space of infinitely differentiable functions with compact support in (0,T)). Furthermore, let A ∈ L(V ; V ) be a linear continuous operator such that the bilinear form a(ϕ, ψ) = Aϕ, ψ V ,V ( ., . V ,V denotes duality between V and V ) is symmetric and coercive, i.e. 1) and the set of eigenvectors of the operator A is complete in V . The variational formulation of the nonlocal in time problem for abstract evolution equation of second order
in the sense of distributions in (0, T ) and the following nonlocal initial conditions
3)
For the formulated problem we have the following 
Proof. Let us seek a solution of the formulated problem by the generalized Fourier series
Inserting (2.5) into equation (2.2) and after some formal transformations, we obtain
where
, taking (2.4) into account, we can uniquely determine A n , B n for which the following estimate is valid:
where b , c are norms of the functionals b, c respectively. Let us consider series (2.5), where u n (t) is replaced by expression (2.6), and prove that it is a solution of the formulated nonlocal in time problem.
First, we show that series (2.5) converges uniformly with respect to t in the space V . Denote with
and prove, that the series ∞ n=1 γ 2 n (t) converges uniformly with respect to t, and its sum is less than
i.e., the series ∞ n=1 γ 2 n (t) is dominated by the converging number series T ∞ n=1 T 0 f 2 n (τ )dτ , the sum of which is equal to T f 2 L 2 (0,T ;H) . By the coerciveness of the bilinear form a(., .), we obtain
From the latter inequality it follows that
, we obtain that the series
+ β 2 n and the following estimate holds
Let us denote u pq = q n=p u n (t)v n . Since the system {v s } s∈N is orthogonal in H, we get that it is orthogonal with respect to the form a(., .), i.e.,
From conditions (2.1) we obtain
that implies the uniform (with respect to t) convergence of series (2.5). Therefore u ∈ C 0 ([0, T ]; V ) and the following estimate is valid
Similarly it can be checked that the series obtained by differentiation of series (2.5) converges uniformly with respect to t in the space H and consequently u ∈ C 0 ([0, T ]; H). From the construction of u(t) it is obvious that u(t) satisfies initial conditions (2.3). Therefore, it suffices to prove that u(t) satisfies equation (2.2). Indeed, as f ∈ L 2 (0, T ; H), u n (t) has second derivative for almost all t ∈ (0, T ), which is equal to −λ 2 n u n (t) + f n (t) and is square integrable in (0, T ). Hence, for any function ϕ ∈ D(0, T ) and v ∈ V we have
(2.11)
Letting N tend to ∞ in (2.11), we obtain
and, therefore, u(t) satisfies equation (2.2) in the sense of distributions in (0, T ). So u(t) is a solution of nonlocal problem (2.2), (2.3) and, according to the inequalities (2.8), (2.9), (2.10), we have
that implies continuity of the mapping {f, u 0 , u 1 } → {u, du/dt} if problem (2.2), (2.3) has a unique solution.
Let us prove that the formulated nonlocal problem has at most one solution. Indeed, suppose that there exist two solutions u(t) and v(t) of the problem. Then their difference w(t) = u(t)−v(t) is a solution of the homogeneous nonlocal in time problem, i.e., for f ≡ 0, u 0 = 0, u 1 = 0. Furthermore, w(t) is the solution of classical evolution problem for the equation (2.2) with initial conditions w(0) and w (0), which has a unique solution and
Since w(t) satisfies homogeneous conditions (2.3), then ( A n , B n ) is a solution of homogeneous system (2.7). According to the conditions (2.4), the determinant of the system is different from zero and, therefore, A n = B n = 0, ∀n ∈ N and w(t) ≡ 0. Thus, u(t) ≡ v(t) and solution is unique.
Remark 2.1. From the proof of the uniqueness of solution for nonlocal in time problem (2.2), (2.3) it follows, that if in the formulation of Theorem 2.1 we have q = 0, then problem (2.2), (2.3) has at most one solution.
Nonlocal in time problems for hyperbolic equations and systems
In the present section we consider some applications of the Theorem 2.1 for the nonlocal in time problems for hyperbolic equations and systems.
Let Ω ⊂ R n be a bounded domain with Lipschitz boundary. 
and as the initial conditions (2.3) take
where x ∈ Ω, ρ 1 ij , ρ 2 ij are measurable bounded real-valued functions,
Note that under these conditions the bilinear form
defined by the operator A, fulfills conditions (2.1) and the set of eigenfunctions of the operator A is complete in H 1 0 (Ω). Hence, from Theorem 2.1 it immediately follows validity of the similar theorem in the case of nonlocal in time problem for multidimensional hyperbolic equation
Theorem 3.1. If there exists a real constant q > 0 such that
nonlocal in time problem (3.2), (3.3) with homogeneous boundary conditions has a unique solution u
then the nonlocal problem has a unique solution.
Proof. According to Theorem 3.1, it suffices to check validity of condition (3.4). From (3.5) we obtain
and, instead of q, we can take any positive real number less than
Now, we consider some particular cases of the nonlocal in time problem for hyperbolic equation and show an essential difference between classical and nonlocal problems.
Let Ω = (0, l), A ≡ −∂ 2 /∂x 2 , f ≡ 0 and conditions (3.2) are of the following form:
Therefore we obtain nonlocal in time problem for the string oscillation equation, which, according to Theorem 3.1, has a unique solution if
, from inequality (3.4) and Remark 2.1, we obtain that if among the points {T i } k i=1 at least one is such that the ratio T i /l is irrational, then the nonlocal problem has at most one solution. It must be pointed out that if k = 1, then condition of irrationality of the ratio T 1 /l is a necessary and sufficient condition for the uniqueness of solution of the nonlocal problem. Moreover, for the special case of T 1 /l, we have the theorem of the existence of a solution. 
for α 1 = −1,
It is easily checked that for all n ∈ N,
Therefore, Similarly we may consider two-dimensional and multidimensional nonlocal in time problem (3.3), (3.6) with homogeneous boundary conditions. Particularly, let Ω = (0, l 1 
Before formulation of the analogue to Theorem 3.2 let us introduce the following definition.
infinite set of non-negative real numbers. We say that the rate of approximation of the real number d on the set D s is less than r, r ∈ N, if there exists a constant c > 0 such that for all n 1 , n 2 , ..., n s ∈ N 0 ,
In the case of multidimensional nonlocal in time problem, if we have
3), (3.6) has a unique solution. In the case of k i=1 |α i | = 1, the nonlocal in time problem has at most one solution if there exists T i for which the equation
is unsolvable in integers. Let us consider the case of l 1 = l 2 = ... = l s = l and k = 1. According to the equation (3.8) , the uniqueness of a solution of the nonlocal in time problem depends on algebraic properties of T 1 /l. More precisely, the following theorem is valid. .) ), . denote the scalar product and norm in the N -dimensional Euclidean space, respectively. Let us consider now nonlocal in time problem for hyperbolic system 
Taking into account conditions (3.11) it is not difficult to check that bilinear form a(., .) is symmetric and coercive on V × V . Moreover, it is well known, that H m 0 (Ω) is dense in L 2 (Ω) and the set of eigenfunctions of the operator A is complete in V .
So, applying Theorem 2.1, we obtain the following statement. 
